Abstract. In this paper we study the behavior of the energy of solutions of the wave equation with localized superlinear damping in exterior domain.
Introduction and Statement of the results

Let
Here ∆ denotes the Laplace operator in the space variables. a (x) is a nonnegative function in L ∞ (Ω). Throughout this paper we assume that 1 < r ≤ 1 + 2 d . We note that when d = 1 and O is not empty, then Ω = (−∞, α) or (α, +∞) for some α ∈ R.
The existence and uniqueness of global solutions to the problem (1.1) is standard (see [23] ). If (u 0 , u 1 ) is in H 1 0 (Ω) ∩ H 2 (Ω) × H 1 0 (Ω), then the system (1.1), admits a unique solution u in the class u ∈ C 0 R + , H 1 0 (Ω) ∩ H 2 (Ω) ∩ C 1 R + , H 1 0 (Ω) . Let us consider the energy at instant t defined by
The energy functional satisfies the following identity
for every T ≥ 0. Moreover we have
First we quote results when the damping is linear. Zuazua [36] , Nakao [27] , Dehman-Lebeau-Zuazua [13] , Aloui-Ibrahim-Nakanishi [1] and Joly and Camille [19] have considered the problem for the Klein-Gordon type wave equations with localized dissipations. For the Klein-Gordon equations the energy functional it self contains the L 2 norm and boundedness of L 2 norm of the solution is trivial. Thus under some assumptions on the support of the damper a we can show that the energy decays exponentially while for the system (1.1) the energy decay rate is weaker and more delicate.
In the case when a (x) ≥ ǫ 0 > 0 in all of Ω we know that E u (t) ≤ C 0 (1 + t) −1 and u (t) 2 L 2 ≤ C 0 , for all t ≥ 0, (1.4) for weak solution u to the system (1.1) with initial data in H 1 0 (Ω) × L 2 (Ω). Nakao in [26] obtained the same estimates in (1.4) for a damper a which is positive near some part of the boundary (Lions's condition) and near infinity.
On the other hand, Dan-Shibata [8] studied the local energy decay estimates for the compactly supported weak solutions of (1.1) with a (x) = 1 5) where B R = x ∈ R d , |x| < R . For damping localized in a compact set of Ω: Nakao in [25] proved that the local energy decays exponentially if d is odd and polynomially if d is even under the Lions's geometric condition. Combining the definition of a non-trapping obstacle and the geometric control condition of Bardos-Lebeau-Rauch [5] , Aloui and Khenissi [2] introduced the exterior geometric control condition which is a sufficient condition for the stabilization of the local energy, more precisely they proved that the local energy decays exponentially if the space dimension d is odd. In [21] Khenissi showed that the estimate (1.5) holds if d is even. Recently in [9] , using a nonlinear internal localized damping, Daoulatli obtained various decay rates, depending on the behavior of the damping term. We also mention the result of Daoulatli-Dehman-Khenissi [10] on the behaviors of the local energy for solutions of the Lamé system in exterior domain. Finally, we quote the result of Bchatnia and Daoulatli [4] on the decay rates of the local energy for solutions of the wave equation with localized time dependent damping in exterior domain. Furthermore Ikehata and Matsuyama in [18] obtained a more precise decay estimate for the total energy of solutions of the problem (1.1) with a (x) = 1 and for weighted initial data E u (t) ≤ C 2 (1 + t) −2 I 1 and u (t) 2 L 2 ≤ C 2 (1 + t) −1 I 1 for all t ≥ 0. (1.6) Especially this estimate seems sharp for d = 2 as compared with that of [8] . Ikehata in [17] derived a fast decay rate like (1.6) for solutions of the system (1.1) with weighted initial data and assuming that a (x) ≥ ǫ 0 > 0 at infinity and O = R d \Ω is star shaped with respect to the origin.
More recently in [12] Daoulatli prove that for a damper a positive near infinity and under the geometric control condition of Bardos et al [5] , the estimates in (1.4) hold for all solutions of the system (1.1) with initial data in H 1 0 (Ω) × L 2 (Ω) and show that the estimates in (1.6) hold for all solutions of the system (1.1) with weighted initial data. Moreover he prove that for every p ∈ N * there exists a initial data in H 1 0 (Ω) × L 2 (Ω) such that the solution v of (1.1) verifies E v (t) ≤ C (1 + t) −p and v (t) 2 L 2 ≤ C (1 + t) −p+1 , for all t ≥ 0 and for some C > 0 depending on the initial data. Now we give a summary of results on the asymptotic behavior of the energy of solutions of the nonlinear system (1.1) in the free space R d and for a globally distributed damping.
For the Klein Gordon equation a polynomial decay rate is derived by Nakao [28] for compactly supported initial data and by Mochizuki and Motai [24] for weighted initial data. More precisely they show that if 1 < r < 1 + [24] establishes a complementary non-decay result for a dense set of initial data in
For the wave equation first we quote the result of Ono [31] , Ono in [31] considered the wave equation with the following damping ∂ t u + g (∂ t u) with g superlinear and has a polynomial growth. He showed the polynomial decay of the energy. We note that in this case the L 2 norm of the time derivative on R + × R d of the solution is bounded by the energy of the initial data. Mochizuki and Motai in [24] obtained a logarithmic decay rate when 1 < r ≤ 1 + and for a kind of weighted initial data. The corresponding non-decay result in [24] requires r > 1 + 2 d−1 . Todorova and Yordanov in [35] showed that for compactly supported initial data there exists a positive constant τ such that
In the case of exterior domain we mention the result of Nakao and Jung [30] which consider a dissipation which is allowed to be nonlinear only in a ball, but outside that ball the dissipation must be linear. For the generalized Klein Gordon equation we quote the result of Nakao [29] .
For solutions of the system (1.1) and Ω is a exterior domain no results seems to be known. For another type of total energy decay property we refer the reader to [16, 20, 33, 3, 32, 15] and references therein.
Before introducing our results we shall state several assumptions: Hyp A: There exists L > 0 such that
Definition 1. (ω, T ) geometrically controls Ω, i.e. every generalized geodesic travelling with speed 1 and issued at t = 0, enters the set ω in a time t < T .
This condition is called Geometric Control Condition (see e.g. [5] ). We shall relate the open subset ω with the damper a by
We note that according to [5] and [7] the Geometric Control Condition of Bardos et al is a necessary and sufficient condition for the stabilization of the wave equation in bounded domain.
In this paper we assume that the initial data (u 0 , u 1 ) in
(Ω) and we prove that for a damper a positive at infinity and under the geometric control condition of Bardos et al [5] :
(
< +∞, then the energy decays as
< +∞ then the energy decays as
and the initial data has a compact support, then the energy decays as
Throughout this paper we use the following notations
We set
Now we state the results of this paper.
Theorem 1. We assume that Hyp A holds and (ω,T ) geometrically controls Ω. Let
where 0 < δ 0 < 1. Then there exists C 0 > 0 such that the following estimate
holds for every solution u of (1.1) with initial data
Moreover we have
Theorem 2. We assume that Hyp A holds and (ω,T ) geometrically controls Ω. We suppose
Then there exists C 1 > 0 such that the following estimate
Theorem 3. We assume that Hyp A holds and (ω,T ) geometrically controls Ω. We suppose that 1 < r < 1 +
Then there exists C 2 > 0 such that the following estimate
, such that support of (u 0 , u 1 ) is contained in B R , where
and +∞ 0 (R + t)
First we remark that the constant C 2 depends on R, but we can prove the same result with constant independent of R. We note that that the rate of decay in the case of initial data with compact support is better or equal to the one obtained for weighted initial data with equivalent polynomial weight.
The key idea is to use the following auxiliary functional
and v = (1 − ψ) u where k 1 , k 2 and k are positive constants and
where f is some positive, concave function. Then to show a weighted observability estimates for the local energy using technics based on the notion of microlocal defect measure and exploiting their properties. Especially the fact that the measure associated to a bounded sequence of solutions of the conservative wave equation propagates along the generalized bicharacteristic flow of Melrose-Sjöstrand. We note that if we take initial data with finite weighted energy with weight slower than ln (b + q) , for example ln ln (b + q) , then the energy decays like (ln ln (b + t)) −1 . The rest of the paper is organized as follows. In section 2 we present some results on the weighted energy and we give a weighted observability estimate for the local energy. The section 3 is devoted to the proof of theorem 1and in section 4 we give the proof of theorem 2, finally in the section 5 we give the proof of theorem 3.
Weighted observability estimate
The next result concern the weighted energy estimate for solutions of (1.1) with weighted initial data.
for every t ≥ 0 and T ≥ 0.
Proof. Let n ∈ N * . We define
the Yosida approximation of g : s −→ |s| r−1 s. g n is monotone increasing and globally Lipschitz. Let w be the solution of the following system
, where H D (Ω) the completion of C ∞ 0 (Ω) with respect to the norme
g n is a global Lipschitz function, therefore
Using the fact that the function f ∈ L 2 loc R + , L 2 (Ω) , we infer that the unique solution of (2.3)
and the following energy identity
holds for every t ≥ 0. Let u be the solution of the following system
The function g n is globally Lipschitz, hence
(Ω) , moreover we have the following energy identity
It is easy to see that
Therefore using (2.4), we deduce that
It clear that there exists a positive constant C = C (λ, µ, ϕ) such that
Now using (2.6) and the fact that
we infer that
We have
and
Combining the estimates above with (2.8) , we obtain
Therefore combining the estimate above with (2.10) and (2.9) we obtain
We note that C = C (λ, µ, ϕ) .
and consider the system
From (1.2) and (1.3) , we infer that there exists u such that
To show that, ψ = g (∂ t u) , we proceed as in [23, P55-56] . By a classical compactness argument, we can show that there exists a subsequence of (u n ) still denoted by (u n ) , such that
for a given compact subset K of (0, T ) × Ω. Therefore we can assume that
Since the function s −→ I + n −1 g −1 (s) , is non-expansive on R, we obtain
This enough to gives ψ = g (∂ t u) . Therefore u is a solution of (1.1) with initial data in
Now using (2.11) and the fact that
Now we show that
Let K be a compact set of (0, T ) × Ω. Using (2.14) and extracting a subsequence if necessary
and using the fact that the function s −→ I + n −1 g −1 (s) , is non-expansive on R, we obtain (a (1 + ϕ))
This is enough to imply
From (2.13) and by a classical compactness argument, we can show that there exists a subsequence of (u n ) still denoted by (u n ) , such that
Therefore extracting a subsequence if necessary
We conclude that
We remind that
Let R ≫ 1 and setting S (R) = ∂B R . It is clear that
Integrating the estimate above between t and t + T , we obtain
From (2.15) , we infer that
Passing to the limite in (2.16) , we get
Young's inequality, gives
Next we prove a weighted observability estimate for the local energy of solutions of the system 1.1, the proof is based on the notion of the microlocal defect measures. These measures were introduced by Gérard [14] and Tartar [34] and used to prove stabilization and control results for partial differential equations.
Proposition 2. We assume that Hyp A holds and (ω,T ) geometrically controls Ω. Let ϕ be a positive function in C 2 (R + ) such that ϕ ′ ∈ L ∞ (R + ) . We suppose that there exists a positive constant K such that
Moreover we assume that the function t −→ ϕ ′ (t) ϕ(t) is decreasing and lim t→+∞ ϕ ′ (t) ϕ(t) = 0. Let δ, c 0 and c 1 be a positive constants and χ ∈ C ∞ 0 R d . There exists C T,δ,χ > 0 and T 1 > 0, such that the following inequality
17)
holds for every
Proof. To prove this result we argue by contradiction: If (2.17) was false, there would exist a sequences
and a sequence of solutions (u n ) in
Therefore from (2.19) we infer that
It is clear that v n is a solution of the following system
It is easy to see that (2.19), gives
Moreover we have,
On the other hand, we have
Using the fact that
we infer that, there exists n 0 ∈ N, such that
Now we prove that the total energy of v n is bounded on [0, T ] . Let Z n be the solution of the following system
The hyperbolic energy inequality gives
Now using (2.22) , we deduce that
Turn into account of the estimate above, we obtain
Using the result above and ( [11, proposition 2]), we infer that
Now using (2.21) , we deduce that
Using the microlocal defect measures associated to solutions (2.23) and proceeding as in [12, Proof of proposition 3] by taking into account of (2.22) and (2.24), we infer that
The contradiction follows from the fact that
3. Proof of Theorem 1 3.1. Preliminary results.
Proposition 3. We assume that Hyp A holds and (ω,T ) geometrically controls Ω. Let β > −1. Setting
There exists C T,δ,R 0 > 0 and T 1 > 0, such that the following inequality
holds for every t ≥ T 1 and for all u solution of (1.1) with initial data
It is clear that there exists a positive constant K, such that
In addition the function t −→
. From Sobolev imbedding, we deduce that
Therefore using (2.17) , we infer that
This finishes the proof of the proposition.
In order to prove theorem 1 we need the following result. Setting w = ψu and v = (1 − ψ) u where u is a solution of (1.1) with initial data in
Let t ≥ 0 and we set
where
for some C > 0.
Proof. We have
Then from (2.2) , we infer
with g (t, x) = 2∇ψ∇u + u∆ψ.
Now using the fact that v is a solution of (3.4), we get
3 ≤ −f ′ 1 (s) By taking into account that the support of (1 − ψ) is contained in the set {x ∈ Ω, a (x) > ǫ 0 } and using Young's inequality we infer that
Using Young's inequality we deduce that
2 ≤ 0 and
Therefore we obtain
Using Holder's and Young's inequalities, we obtain
Since a (x) > ǫ 0 on the support of (1 − ψ) , therefore
The function χ ∈ C ∞ 0 R d and support of ψ is contained in B 2L . Then it is clear that there exists a positive constant C, such that
Since w = ψu Therefore, there exists a positive constant C such that
By taking into account of the estimates above and integrating (3.5) between t and t + T , we obtain
Using the fact that k = We obtain
( 3.6) 3.2. Proof of Theorem 1. We assume that Hyp A holds and (ω,T 0 ) geometrically controls Ω. Let u be a solution of (1.1) with initial data in We define
where v = (1 − ψ) u and
According to lemma 1,
The estimate (4.1), gives
(3.7) and the estimates above gives
for every t ≥ T. Using Young's inequality we get
for all ǫ > 0. We choose
Therefore using (3.8) we obtain
for every t ≥ T and for some k 3 > 0. Thus
, for all n ≥ 1.
(3.12)
Using proposition 1, we deduce that
Combining (3.12) and (3.13) , we obtain
(3.14)
for some k 4 > 0. We remind that
We have r + 1 < 2r < p, using interpolation inequality and Young's inequality, we obtain
for all ǫ > 0. Thus using (1.3) and Sobolev embedding H 1 ֒→ L p , we get
for all ǫ > 0. To estimate the last term we use Holder's inequality
By Young's inequality, we get
for all ǫ > 0. Using the fact that
for all ǫ > 0. We choose ǫ such that
We conclude that there exists a positive constant C 1 such that
Noting that there exists a positive constant C L > 0 such that
So we obtain Proposition 4. We assume that Hyp A holds and (ω,T ) geometrically controls Ω. Let δ,R 0 > 0 and −1 ≤ β ≤ 0. There exists C T,δ = C (T, δ, R 0 , β) > 0 and T 1 > 0, such that the following inequality
In addition the function t −→ ϕ ′ (t) ϕ(t) is decreasing and lim
In order to prove theorem 2 we need the following result on the auxiliary functional X.
Lemma 2. Let 0 < δ 0 ≪ 1 2 . Setting w = ψu and v = (1 − ψ) u where u is a solution of (1.1) with initial data in
We have for some C > 0.
Using the fact that v is a solution of (4.5) , we deduce that
(4.6) By taking into account that the support of (1 − ψ) is contained in the set {x ∈ Ω, a (x) > ǫ 0 } and using Young's inequality we infer that
Since ψ ∈ C ∞ 0 R d and support of ψ is contained in B 2L . It easy to see that
We have w = ψu. Therefore there exists a positive constant C such that
By taking into account of the estimates above and integrating (4.6) between t and t + T, we obtain
Using the fact that k 2 = 8k(1+δ 0 ) (r+1)(5kr−8(
, we infer that
Now we estimate the term k − r r+1 − k 2 8 3
Proof of Theorem 2.
We assume that Hyp A holds and (ω,T 0 ) geometrically controls Ω. Let u be a solution of (1.1) with initial data in
According to lemma 2,
for all t ≥ T. (4.3) and the estimates above gives
for all t ≥ T. Using Young's inequality we get
and we set 2
Therefore using (4.8) we obtain
for all t ≥ T 1 . Thus
(4.11)
Using proposition 1, we obtain,
with
Therefore there exists a positive constant k 4 , such that
Setting p = 2 (r + 1). We have r + 1 < 2r < p, using interpolation inequality and Young's inequality, we obtain
Now using the fact that β − p−2r r−1 + 1 < 0 and (1.3) , we obtain
To estimate the last term we use Holder's inequality
Now using the fact that β −
We choose ǫ such that
So there exists a positive constant C 0 such that
Therefore we obtain 12) for some C 1 > 0. This finishes the proof of theorem 2.
Proof of Theorem 3
5.1. Preliminary results. As in the proof of theorem 2 we have the following weighted observability estimate.
Corollary 1. We assume that Hyp A holds and (ω,T ) geometrically controls Ω. Let δ,R 0 > 0, −1 ≤ β ≤ 0 and R ≥ 1. There exists C T,δ,R 0 > 0 and T 1 > 0, such that the following inequality
. In order to prove theorem 3 we need the following result on the auxiliary functional X. Lemma 3. Let 0 < δ 0 ≪ 1 and R ≥ 1 such that O ⊂ B R . Setting w = ψu and v = (1 − ψ) u where u is a solution of (1.1) with initial data in
Using the fact that v is a solution of (5.3) and that
β Ω |∂ t v (t)| 2 − |∇v (t)| 2 − a (x) |∂ t u (t)| r−1 v∂ t v (t) + f (t, x) vdx +β (R + t) Ω a |u| r−1 u∂ t udx +k (β + 1) (R + t) β E u (t) − (R + t)
β+1 Ω a (x) |∂ t u (t)| r+1 dx .
It easy to see that Ω f (t, x) vdx = Ω (2∇ψ∇u + u∆ψ) (1 − ψ) udx = Ω ∇ψ∇u 2 + u 2 ∆ψdx − Ω 1 2 ∇ψ 2 ∇u 2 + u 2 ψ∆ψdx = Ω |∇ψ| 2 |u| 2 dx.
By taking into account that the support of (1 − ψ) is contained in the set {x ∈ Ω, a (x) > ǫ 0 } and using Young's inequality we infer that By taking into account of the estimates above, we obtain d dt X (t) + (1 − (1 + β) k) (R + t) β E u (t) + We have w = ψu. It is clear that
in addition we have
Integrating the estimate above between t and t + T we get (5.2).
Proof of Theorem 3.
We assume that Hyp A holds and (ω,T 0 ) geometrically controls Ω. Let R ≥ 1 such that O ⊂ B R and u be the solution of (1.1) with initial data in H 1 0 (Ω) ∩ H 2 (Ω) × H 1 0 (Ω) with support contained in B R . Let 0 < δ 0 ≪ 1 and T ≥ max (T 0 , T 1 ). We define X (t) = (R + t)
where v = (1 − ψ) u and k = 5(1+δ 0 )r 2 +8(1−δ 0 )(r+1)+8( β Ω a (x) |∂ t u| 2r + |∂ t u| 2 dxds + I 2 , for all n ∈ N.
We proceed as in the proof of theorem 2, we get nT 0 (R + s)
β Ω a (x) |∂ t u| 2r dxds ≤ Cǫ To estimate the last term we have to use the finite speed propagation property and the fact that the support of the initial data is contained in B R . for some C 2 > 0. This finishes the proof of theorem 3.
